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QUESTION 1. (4 points) Let 7 : V' — V be a linear transformation that is invertible, where V is an inner product
vector space over R. Assume that 7" = T~'. Assume that T(v), T'(w) are nonzero orthogonal elemems of V for some’
nonzero elements v, w € V. Convince me that v, w are orthogonal elements in V.
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QUESTION 2. (5 points) Let T : V — V' be a linear transformation where V is a vector spaces over R and IN(V)=3

0 0 2
(i.e., dim(V) = 3). Given M = |0 3 5| is the matrix presentation of 7' with respect to an ordered basis {v1,v2, 03}
2 2 0
Convince me that T is invertible Find 7! v3) I Convince me that 7% — 47 + 37 : V — V is not invertible (singular).
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QUESTION 3. (4 points) Let T : V — V be a linear transformation. Consider the linear transformation F = 25!"3
4T* +5121: V — V. Let W = Z(F)(Ker(F)). Convince me that T(w) € W for every w € W.
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QUESTION 4. Let T : Ps — R* such that Mp g = _21 _21 _21 ]2' 12 be the matrix presentation of T' with

3 3 3 -3 -3
respect to B = {z*, 1 + 2% 1 + 2 +2* 22 + 2% 23 + 2%} and
B’—{[lll IlOl)——Z[l ), (=1,-1,-1,0)}.
(i) (4 points) Find the fake standard matrix presentation of T. (note that the Fake Matrix Presentation of T is with
respect to {1, 2,22, 2% 2%} and {ey, e, €3, €4}): (you may use the available software)
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(i1) (3 points) Write Range(T) as span of independent points.(you may use the available software)

Qang( (Y= Col (M)
= Span [ (Yo, W, 0, -L\)'i 47//

(iii) (3 points) Write Z(T')(Ker(T)) as span of some independent polynomials.(you may use the help of the available

software) v N ¥
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= 2T {(i.,XL,ﬁg, Xu,lxh?xq)\ Yo, ke, X3, Mg € rl\) 3 =5

(_1:) 2 pomts) Find T'(5 + 2z — 4a23). 31(:11 find 7! (5—+—2~m—-43: ).
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QUESTION 5. Let T : R? - R? such that 7(1,0,1) = (1,1,1), T(=1,1,1) = (-2, -2, 2), and #(~1,0,1) € Z(T).
Consider the DOT PRODUCT on R™. - ——

(i) (4 points) Find 7* : R* — R®.
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(ii) (2 points) write Rangc of T as span of some independent points.(you may use lhe help of the available software)

TE- M AT e Ronge (T G M

- span {(/‘{,J, \/1)%
4/// f

(iii) (3 points) Write Z(T') as span of some independent points.(you may use the help of the available software)

y L % “.0 \ _ ,\im_')_)(zk.‘-i)(g:o
_y e,
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47// | = Xy = HX, - Xa

L, Wi
= 207) = Spen §(41)0), (<1 o 1) ]

(iv) (3 points) Find (Z(T))* (i.c.. find the subspace of R* that is orthogonals6 Z(T)).(you may use the help of the
available software) Stare at your answer in (ii) and your answer in (iv). Any connection.
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QUESTION 6. (5 points) Consider the normal dot product on B". Let A be a symmetric matrix over R. Convince me
that all eigenvalues of A are real. ——————

det T2 V=V be o linear l‘fQﬂsg:)fl’.ncb"i'Oﬂ swch Rk T(Q\ . ﬂ@T

®oc any nonzete Q eV
= dT@Y,RY - HE,AQY- BAY. Q - A NQ' = {Q, Q') - ZQ,T%@Y
=> T(‘&l :QIC}}F i Q@T - Q) = (Tu Lo Jgﬂ)!ht)f»'c.).'
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= 0 LTy, v D = LAV,V) = oLV, v ol e Vg
LT vy v, T* Y= v, Ty = v,avd =dlv,v)y [ & rea))

QUESTION 7. (5 points) Let T : V' — V be a linear transformation. Assume that 72 = T. Convince me that
Range(T)N Z(T) = 0,.

A x e Range (M N Z(T)

=5 % € Range ) and % € Z(T) @)

= Fyev sb VW=t end T =0 étg.*?e‘”::}@mew
= TV ()= Tixy —s Tltg\:T(x) = Tty =1tx) v

_j'" "';\A" o
-~ )
= Ty Tx1=0 o Tig-r)=0 =v YxC€Z2(T) = y & ZW)
= AN -00 = Renge(M) N2(T) - Oy
QUESTION 8. (4 points) Consider the normal dot product on R". Let A be a matrix (of course n x n) such that AT = A

over R. Assume that for some nonzero points V and W in R”, we have AVT = aV7 and AWT = bW 7 for some real
numbers a, b such that a # b. Convince me that V' and W are orthogonal.

Delne &Q_J‘neur \‘QN%(‘“Q}T@{\-_ T.Vv—V such M T@Q)- “QT c seme (A
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W AT LW = b WD
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QUESTION 9. (5 points) Consider the normal dot product on R". Let A be a matrix (of course n x n) such that A is

nonsingular (i.e., invertible) and AT = A over R. Let B = A2. Convince me that BT — B, B is invertible, and all
eigenvalues of B are real and each eigenvalue is strictly larger than 0 (i.c., B is positive definite)

Bog b o QL (AT - AT QQ. At QT
é&‘nc —\_ X—V a ehemt kqnscbmbﬁ\'on 55’1 T(Q\ —.“ ®~‘

and FovoV abnean Weashbrmdon st Fea) = 1 Q)Y - N @

- @
s %T"Q) =3 O‘QQ GEC“VQQ"“’ACZS Q ane Ceal (pfo«e.d in quesh'on 6)

Y5 S \scmnigenvuhu AR = A an &SQHVQ-D»Q(_% F o Gy =%V
FlLN, VY = LV, v = (Fwvy = Ty, vy s G006V - 1w, THw)

= LT, Tn Yy >
QUESTION 10. Let J = J%) & J* @ J_,  Jj be the Jordan form of a matrix A. ’ O
(i) (3 points) Find C'a (z) v, vy DO

=3 of » v
Cq)= ()(Jf\\Q> (X-l)% (/ ata kL &

= R TﬁUChR\QQQ g,‘,\cc
(ii) (3 points) Find m 4 ()

s oL #C
mal)= (xe 1) (x.2) (/

(iii) (3 points) For each eigenvalue a of A find [N (Eu) (ie., dim(E,)).

W (E):2 and 3W(E,).2 (/

(iv) (3 points) Find the rational form of A.

'Z._ 1_+r2 *\
R CEY D ClR) @ () @ QY where =) =Xo 5

0‘1: (x-2) - 3(1-)'\)( Y4
= /10~ 16 o 0 O Caa-: Rl
I -2l o oo O
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e s

o
Q — ~ ~
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S & O 0o o
(v) (3 points) Is A diagnolizable? explain?

No , N o ot c\,x‘ogor\ql; Zoler_ since Malx) ( i) U-z)
(\\\Q “’\ﬁll\ m\.lit \Qf_ CLQ(\Q LD‘\{‘QQQ ‘\Qe (ef:\t)“)'h’of\s_
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0 -1 0 0
1 2 00

i i 11.Let A =
QUESTION et A 0 0 09
00 10

(i) (3 points)Find C'4(z) (you may use the available software calculators) OR find it by HAND.

G- T A = ((-23) (x-0*

(ii) (4 points)Find m 4(x) (you may use the available software calculators) OR find it by hand (maybe LONG)

Now M) @uldd e (x.%\m%\(x-\\"g (%-2) (x2) (X =)
X
nd Rece g Y = (-2 (x42)(x)" Loy setRiuiing R o otk )

(iii) (3 points) Find the Rational Form of A

R, - Cl] @ Clod] @ ¢ Txt-2x 1) ]

“’3; o O O

(2522 & 9%

e 0.0 —\1
o o\ 2

(iv) (3 points) Find the Jordan Form of A

I-S el -

QUESTION 12. (5 points) Let T : V' — V be a linear transformation that is invertible, where V is a finite dimensional
inner product vector space over K. Assume that T = —7. Convince me that

Cr(z) = (:L +a:)"(1 >+ )" (2P )

, where ay. as, ..., a,, are distinct nonzero positive real numbers, and 7y, ..., n,, are positive integers.

LW VEV wnd o be Re egevolue of T %
Wen LT, v = Loy, VY. = oLV, v> '
AT, vy - Ly, TR P = LV, STy = LV, oV = Jd LV Vv)

s .
s A=A = Mg b pERE IMOQIEH.
o all ogeovelues of T must  be pure  Tnagin@Y .

N S
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QUESTION 13. (5 points) Let 7' : R* — R? be a nonzero non-diagnolizable linear transformation. Given T3 —
4T = 0. Find all Jordan forms of the standard matrix presm all Rational forms of the standard matrix

presentation of T'.
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QUESTION 14. (6 points) A = § l . Find the SMITH form of A over Z (i.e., find invertible matrices R, C over Z

and a diagonal matrix D over Z (with special property as explained in class) such that D = RAC)
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